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Abstract. In this paper we describe six pencils of Jf3-surfaces which have large Picard- 
number (15 < p < 20) and contain precisely five singular fibers: four have A-D-E 
singularities and one is non-reduced. In particular we describe these surfaces as cyclic 
coverings of the A'S-surfaces of |BS) . In many cases using this description and lattice- 
theory we are able to compute the exact Picard-number and to describe explicitly the 
Picard-lattices. 

0. Introduction 

In the last years using different methods (toric geometry, mirror symmetry, etc.) have been 
constructed and studied many famihes of -fC3-surfaces with large Picard-Number and small 
number of singular fibers (see e.g. [D], |VYj and |Bej ) . In these notes using group actions 
and cyclic coverings we describe some new one. In |BSj the authors describe three pencils 
of i^S-surfaces where the generic surface has Picard-number 19 and the pencils contain 
four singular fibers with singularities of A — D — E type and one non-reduced fiber. The 
families arise as minimal resolutions of quotients Xx/G were G is a subgroup of 5*0(4) 
containing the Heisenberg group and {^aIasPi is ^ G-invariant pencil of surfaces in P3, 
the latter are described in The groups G are the so-called bi-polyhedral groups: T xT, 
0x0,1x1, where T, O and / denote the tetrahedral group, the octahedral group and 
the icosahedral group in SO (3) (we recall their precise definition in the first Section), the 
pencils X^, Xf, X^^ of T x T—, O x O—, resp. / x /—invariant surfaces, have degrees 
6, 8, resp. 12. In these notes we consider some special normal subgroup H of T x T and 
O X O (/ X / is simple) so that the minimal resolutions of the quotients are pencils of K3- 
surfaces, these have then five singular fibers (one is non-reduced) and large Picard-number. 
In Section 2 we describe all the subgroups H with this property. In the Sections 3, 4, 5 and 
6 we describe six new one-dimensional families of i^S-surfaces: the generic surface of two 
of the pencils has Picard-number p = 19 and there are four singular surfaces with p = 20 
as in the case of the families X^/T xT or Xf/0 x O of |BSj . The other four pencils seem 
to have smaller Picard-number. We give in any case a lower bound for p and in each case 
except one we could identify surfaces with p = 20. The methods which we use in these 
Sections are essentially the same as in |BSj . In the Sections 7 and 9, we describe the K3- 
surfaces as cyclic coverings of the K3-surfaces of |BSj . more precisely let Ia^txT and 1a,oxO 
denote the minimal resolutions of the quotients X^/T x T and X^/0 x O, then taking two 
special 3-divisible classes of rational curves in the Neron-Severi group NS{Yx^txt) and 
two special 2-divisible classes of rational curves in the Neron-Severi group NS{Yx^oxo) 
one can construct cyclic coverings (two for each surface) which correspond (up to contract 
some (-l)-curves) to the minimal resolutions of the surfaces X^/H and X^/H' for some 
normal subgroup H of T x T and H' of O x O. By doing cyclic coverings of the latter. 
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one obtains more -ftTS-surfaces. In Section 8 and 9 by using these descriptions and the 
results of |BSj . Section 6, we compute explicitly the Picard-lattice of the i^3-surfaces of 
two of the families, more precisely of those where the generic surface has p = 19 and of 
the four special surfaces with p = 20 contained in these families. We compute also the 
Picard-lattice of the surfaces with p = 20 in the other pencils. 

I would like to thank W. Barth for introducing me to cyclic coverings and for many useful 
discussions. 



1. Notations and preliminaries 

There are two classical 2 : 1 coverings: 

p : SU{2) S0{3) and a : SU{2) x SU{2) SO{A). 

Let Gi C SO{3), i = 1,2 denote the polyhedral group T or O. We consider the binary 
group Gi := p~^{Gi) C SU{2) and the u-image: o{Gi x G2) C 5'0(4), which by abuse 
of notation we denote with Gi x G2 and we denote an element of SU{2) x SU{2) and its 
image in SO{4) by {pi,P2)- These groups have been studied in [H^, there the group T xT 
is called Gq and the group O x O is called Gs- We will denote by = sg + ^Q'^ and 
by X| = sg + Ag^ the pencils oi T x T- and of O x O-invariant surfaces in P3, which are 
described in sq denotes a T x T- invariant homogeneous polynomial of degree six and ss 
denotes an O x O-invariant homogeneous polynomial of degree eight, q := Xg + xf + x| + x| 
is the equation of the quadric Pi x Pi in P3. The base locus of the pencils X" are 2n 
lines (n = 6, 8) on the quadric, n in each ruling. These pencils contain exactly four nodal 
surfaces. We recall the value of the Aj and the number of nodes on Xx in the table below 
(cf. IHH): 



n = 6 



n 



Ai 


A2 


A3 


A4 


Ai 


A2 


A3 


A4 


-1 


2 


7 


1 


-1 


3 


9 


5 


3 


12 


4 


4 


16 


9 


12 


48 


48 


12 


24 


72 


144 


96 



We recall also the matrix: 



G :-- 



( 1 








-1 / 



G 0(4), 



which operates on an element {pi-,P2) € Gi x G2 by: 

C-\PUP2)G = {p2,Pl) 

Moreover we specify the following matrices of SO (4): 



/O 
1 





-1 





1 





-1 

0/ 



V 



1 
-100 
000 
1 




-1 

0/ 
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fe,l) 



1 ^ 





-1 













1 


1 













-1 





0/ 



(1,92) 



/ 



-1 
V 



1 \ 

1 



-10 0/ 



-1 \ 

-1 
-1 

1 J 



(1,P3) 



1 1 

-1 1 

1 1 

-1 1 



1\ 

-1 
-1 

1 J 



(P4, 1) 





( 1 


-1 







1 


1 


1 
















1 


-1 




^0 





1 


1 / 



(1,P4) 





/ 


1 


1 







1 




-1 


1 


















1 


-1 




V 








1 


1 / 



Using these matrices the groups have the following generators: 



Group 


Generators 


TxT 
OxO 


fe,l),(l,g2),fe,l),(l,P3) 
{Q2, 1), (1, q2), {P3, 1), (1,P3), (P4, 1), (1,P4) 



Denote by PG the image of a subgroup G C 50(4) in PGL(4). We define the types of 
lines in P3 which are fixed by elements {pi,P2) G PG of order 2,3 or 4 in the following 
way: 



order 


2 


3 


4 


type 


M 


N 


R 



2. Normal subgroups 

In |S2j the author classifies all the subgroups of 50(4) which contain the Heisenberg group 
V xV. Here we consider all the normal subgroups of T x T and OxO which contain the 
subgroup V X V and TxT. The group I x I does not contain normal subgroups. We 
denote by H such a normal subgroup, by o{H) its order and by i{H) = [G : H] the index 
of -ff in O (G = T X T or O X O). We list below all the groups H and their generators, 
following the notation of S2 . Moreover we do not consider separately the groups H and 
G~^HG or, in general, groups which are conjugate in 0(4). 
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H 


generators 


o{H) 


G 


m 


1 X V 


(P3,1),(1,P3) 


90 


1X1 


6 


(TT)' 


(92,1), (1,92) 
(P3,P3) 


96 


TxT 


3 


V xV 


(9l,l),(l,9l) 
(92, 1), (1,92) 


32 


TxT 


9 


OxT 


(9i,l),(l,9i) 
IP3, -Lj, l-'-,P3j 
(P4,l) 


576 


0x0 


2 


{ooy 


(9i,l),(l,9i) 

(P3,1),(1,P3) 
(P492,P492) 


576 


0x0 


2 


TxT 


(9i,l),(l,9i) 

(P3,1),(1,P3) 


288 


0x0 


4 



3. Fix-points 

We analyze the different kind of fix-points for elements of the subgroups PH C PG in the 
same way as in |BSj . Recall that the elements of the form (p, 1) or (l,p) have each two 
disjoint lines of fix points contained in one ruling, respectively in the other ruling of the 
quadric (cf. |BII, 5.4 p. 439). 

1) Fix-points on the quadric. The subgroups Gi x 1 and 1 x G2 C PH operate on the two 
rulings of the quadric and determine orbits of lines, which are also Piif-orbits of lines. We 
resume the lengths of the orbits in the following tables. In the first row we write the order 
of the element which fixes two lines of the orbit: 



order of (p, 1) 


2 


3 


4 


order of (l,p) 


2 


3 4 


TxV 


6 


4,4 




T xV 


2,2,2 




OxT 


12 


8 


6 


OxT 


6 


4,4 - 


{TT)' 


6 






{TT)' 


6 




{ooy 


6 


8 




{00)" 


6 


8 


V xV 


2,2,2 






V xV 


2,2,2 




TxT 


6 


4,4 




TxT 


6 


4,4 - 



In particular observe that in the case of the groups (TT)' and {OO)" the meeting points 
of the fix-lines of the two rulings of Pi x Pi split into three orbits of length 12 and two 
orbits of length 32, in the other cases these meeting-points form just one orbit. 
2) Fix-points off the quadric. We denote by Fl the fix-group of a line L of P3 in PH and 
by Hl the stabilizer group of L in PH, i.e. 

Fl := {h £ PH s.t. hx = x for all x G L} 
Hl := {h G PH s.t. hL = L}. 

Moreover denote by i{L) the length of the G-orbit of the line L and by 5 a representative 
of a conjugacy class in G: 
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group 


T-kV 


(TT)' 


V xV 


9 


iQi,Qi) 


(91,92) (91,93) 


(91,91) 


(91,92) (91,93) (P3,P3) 


(9i,9j) 


Fl 


Z2 


Z2 Z2 


Z2 


Z2 Z2 Z3 


Z2 


type 


Ml 


M2 M3 


Ml 


M2 M3 N 


Mi,- 


m 


6 


6 6 


6 


6 6 16 


2 


\Hl\/\Fl\ 


4 


4 4 


4 


4 4 1 


4 



Here we denote by the product of gi and q2- In the last column of the table the sum 
runs over i,j = 1,2,3. In this case we have nine distinct conjugacy classes with just one 
element. 



group 


OxT 


(00)" 


T X T 


g 


(91,91) iP3,P3) 


(P492,92) 


(P4,P4) 


(P3,P3) (P3,?'3) 


(P492,P492) 


(92,92) 


(P3,P3) 


(P3,f3) 


Fl 


Z2 Z3 


Z2 


Z4 


Z3 Z3 


Z2 


Z2 


Z3 


Z3 


type 


M N 


M' 


R 


N N' 


M 


M 


N 


N' 




18 32 


36 


18 


16 16 


72 


18 


16 


16 


\Hl\/\Fl\ 


8 3 


3 


4 


8 8 


2 


4 


3 


3 



Remark 3.1. By taking the generator (p^jPs) for (TT)' instead of (^3,^3) we find a group 
(TT)" which is conjugate in 0(4) to {TT)' . The singularities in the quotient X^/(TT)" 
are the same as those on X^/{TTy. 



4. Quotient singularities 
We consider now the projections: 

with H = TxV, (TT)' or V x V; H' = O x T, (OO)" or TxT. In this Section we run 
the same program as in |BSj . Section 3 and describe the singularities of the quotients (for 
the details cf. [BH|) . 

1) Fix-lines on q. The image in the quotient of the lines of the base locus of the pencils Xf 
and X| and of the intersection points of the lines of the base locus are smooth. Observe 
that the points of intersection of the lines of the base locus of the pencils form one orbit 
under the action ofTxV,VxV,OxT and TxT. In the case of the groups (TT)' we 
have three orbits and in the case of the group {OO)" we have two orbits, as described in 
Section |HJ this means that the lines in the quotient will meet three times and two times. 
Now we consider the points of intersection of the lines of the base locus with the other 
fix-lines on q. In the table below we do not write the groups (TT)' and V xV because 
they do not have other fix-points on q other then the lines of the base locus. We denote 
by Fix(P) the fix-group in PG of a point P. In the next table we write the length and 
the number of orbits of fix-points, and we describe which kind of singularities do we have 
in the quotient: 



group 


TxV 


OxT 


(00) 




TxT 


Fix(P) 


Z3 X Z2 


Z3 X Z2 


Z4 X Z3 


Z2 X Z3 


Z2 X Z3 2 


'3 X Z2 


Z3 X Z2 Z2 X Z3 


length 


8 


48 


24 


48 


48 


48 


24 24 


number 


6 


1 


2 


2 


1 


1 


2 2 


sing. 


6^2 


lAi 


2A3 


2^1 


1^1 


1^1 


2Ai 2Ai 
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2)Fix-lines off q. Denote by o{L) the order of the fix-group Fl of L. The number of points 
not on q cut out on Xx by L is: 



group 


TxV 


(TT)' 


VxV 


OxT 


(00)" 


T xT 


o{L) 


2 


2 3 


2 


2 3 


4 3 


2 3 


number 


4 


4 6 


4 


8 6 


8 6 


8 6 



In the next table we show in each case length and number of i^^-orbits, the number and 
type(s) of the quotient singularity (ies): 



group 


TxV 


(TT)' 


VxV 


o(L) 




2 


2 


2 


2 


2 


2 


3 


2 




type 




Ml 


M2 


Ms 


Ml 


M2 


Ms 


N 


M,, 




length 


4 


4 


4 


4 


4 


4 


1 


4 




number 


1 


1 


1 


1 


1 


1 


6 


1 




singularities 


Ai 


Ai 


Ai 


Ai 


Ai 


Ai 6A2 


Ai 




group 




OxT 




(00)" 






T xT 




o(L) 


2 


3 


2 


4 


3 


3 


2 


2 


3 


3 


type 


M 


N 


M' 


ii 


N 


iV' 


M 


M 


N 


iV' 


length 


8 


3 


3 


4 


6 


6 


2 


4 


3 


3 


number 


1 


2 


2 


2 


1 


1 


4 


2 


2 


2 


singularities 


Ai 


2A2 


2Ai 


2A 


3 A2 


A2 


4^1 


2^1 2A2 


2^2 



3) r/ie singular surfaces. We denote by ns the number of nodes on the surfaces and by F 
the fix-group of a node in H. In the table below, we give the number of orbits of nodes 
and their fix-groups in PH, PH' and we describe the singularities in the quotient. For 
doing this recall the Proposition 3.1 of |BSj : 



Proposition 4.1. Let X he a nodal surface with F C 5*0(3) the fix-group of the node. 
Then the image of this node on X/H is a quotient singularity locally isomorphic with 
C'^/F, where F C SU{2) is the binary group which corresponds to F. 



group 


TxV 


(TT)' 


V xV 


A 


Ai 


A2 


A3 


A4 


Ai 


A2 


A3 


A4 


Ai 


A2 


A3 


A4 


ns 


12 


48 


48 


12 


12 


48 


48 


12 


12 


48 


48 


12 


orbit 


1 


1 


1 


1 


3 


3 


1 


1 


3 


3 


3 


3 


F 


Z2 X Z 


12 id 


id 2 


^2 X Z 


2 


T 


Z3 


id I 


I2 X Z2 


Z2 X Z2 


id 


id 


Z2 X 7L2 


lines 


IMi 






IMi 




IN 




IMi 




3Mij 








meeting 


IM2 






IM2 


4N 






IM2 










IM3 






IM3 








IM3 










sing. 




Ai 


Ai 


D4 


3^6 


3^5 


Ai 


Da 


3L>4 


3Ai 


3Ai 


3D4 


group 




OxT 






(00)" 






T 


X T 




A 


Ai 


A2 


A3 


A4 


Ai 


A2 


A3 


A4 


Ai 


A2 


A3 


A4 


ns 


24 


72 


144 


96 


24 


72 


144 


96 


24 


72 


144 


96 


orbit 


1 


1 


1 


1 


2 


1 


1 


2 


2 


1 


1 


2 


F 


T I 


h X Z2 


Z2 


Zs 





Z4 


Z2 


^3 


T 


Z2 


id 


Z3 


lines 


3M 


IM 


IM' 


IN 


3R 


IR 


IM 


IN{N') 


3M 


IM 




lA^(iV') 


meeting 


4iV 


2M' 






4:N{N') 






3M 


4iV(iV') 


















6M 
















sing. 


Eq 


Z)4 


A3 


A5 


2E7 


A-j 


^3 


2D, 


2^6 


^3 


Ai 


2^5 
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5. Rational curves 

Let 

be the minimal resolution of the singularities of Xx/H, which denotes one of the six 
quotients of Section 0J In the following table we give the number of rational curves 
coming from the curves of the base locus of Xx (denote it by i^i ) and from the resolution 
of the singularities. The latter are of three kinds: those coming from the intersection 
points of the lines of the base locus with other fix-lines on q, those coming from fix-points 
which are off q and do not come from nodes of Xx, and those coming from the nodes. 
We denote their numbers by 1/2, fi and 2^4, then the total number of rational curves is 
V := ui + U2 + ~^ ^A- We give the discriminant, d, of the intersection matrix too. 
1. The smooth Xx- 



group 


T xV 


(TT)' 


V xV 


OxT 


{ooy 


T xT 




4 


2 


6 


3 


2 


4 




12 






9 


2 


4 




3 


15 


9 


7 


14 


10 


V 


19 


17 


15 


19 


18 


18 


d 


2^-3^-5 


2^ . 36 • 5 


213.5 


2^-3^-7 


-28 • 32 . 7 


-22 .36-7 



2. The singular Xx- In this case the surfaces Xx dont have extra singularities on q, hence 
the number vi and 1/2 remain the same as above and we do not write them again. 



group 






T 


< V 










(TT)' 


A 


Ai 




A2 


A3 






A4 




Ai 




A2 A3 


A4 


^3 






3 


3 














3 15 


12 




4 




1 


1 






4 




18 




15 1 


4 


V 


20 




20 


20 






20 




20 




20 18 


18 


d 




2^.33 


■ 5 - 


2^ . 33 • 5 


-2^ . 33 • 


5 


-2 


4.33. 


5 


-33. 


5 -2^ 


■3^-5 -2^ • 36 


•5 -22 . 36 . 5 


group 






V xV 














OxT 




A 


Ai 




A2 


A3 


A4 




A 


1 




A2 


A3 


A4 








9 


9 






2 




4 


5 


3 




12 




3 


3 


12 




6 




4 


3 


5 


V 


18 




18 


18 


18 




20 




20 


20 


20 


d 


_2io 


• 5 - 


-2I6.5 - 


2^6 • 5 


^10. 


5 




32 


•7 - 


-2^ . 3=* 


7 -2^ • 33 • 7 


-26 .32-7 




;roup 






{ooy 














T X T 






A 


Ai 


A2 


A3 






A4 




Ai 


A2 


A3 


A4 








8 


12 






6 






8 


10 


2 






16 


7 


3 






10 




12 


3 


1 


10 




V 


20 


19 


19 






20 




20 


19 


19 


20 




d 


-2^. 


7 2^.32 


•7 28-32 


• 7 




-28-7 




-3^-7 


22.36 


•7 2^.36.7 - 


.24 . 34 . 7 



6. K3-SURFACES 

Since the groups H and H' contain the subgroups V x V T x T resp. T xT oi O x O 
the projections tth and tih' of Section |1] are ramified on the lines of the base locus of the 
families Xx with ramification index two, and three. A computation as in |BSj Section 
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5, shows that the quotients are ETS-surfaces with Picard-number at least the number of 
rational curves given in Section 5. 

Proposition 6.1. The structure of the K3-surfaces Ia.TxV; ^a,OxT varies with A. 
Proof. |BSj Proposition 5.2 and Lemma 5.2. □ 

Corollary 6.1. The general K3-surface Yx^txV; ^a,OxT /^^s Picard-number 19. 

For the other pencils, and in the special cases too, we are not always able to identify 
exactly the Picard-number, but we can give a lower bound for it, which is the number v 
of rational curves given in the tables above. 

We are now going to describe another construction for these pencils of ii'3-surfaces. 

7. Cyclic Coverings 

Consider now the pairs G and H so that G/H is cyclic, in our cases either \G/H\ = 3 or 
\G/H\ = 2 (cf. Section 121), and consider the map: 

vr : X^/H X^/G 

7.1. The general case. For the moment assume that X\ is smooth. The group G/H 
acts on the points of the fiber 7r~^(P). If the point P is not fixed by G/H then the map 
is 3 : 1 or 2 : 1 there. If P is fixed by G/H then we have a singularity on Xx/H, more 
precisely an ^2 or an ^i, now the fiber 7r-i(P) is one point and the map has multiplicity 
2 or 3 there (cf. [M2j Lemma 3.6 p. 80). Consider now the minimal resolutions Yq and 
Yh of the singular points of Xx/G and Xx/H. As shown in BS and in Section El these 
surfaces are K3 and we have a rational map: 

7 : >Yg 

which is 3 : 1 or 2 : 1. Observe that this map is not defined over the (— 2)-rational curves 
in the blow up of the singular points of Xx/G which comes from fix-points of G/H on 
Xx/H. 

In this Section we describe the map 7 in another way, more precisely by using cyclic 
coverings. For the general theory about 2-cyclic coverings and 3-cyclic coverings we send 
back to the article ^ of Nikulin and to the articles |Mlj of Miranda and jTj of Tan. For 
the convenience of the reader in Figure 1. we recall the configurations of (-2)-rational 
curves on the smooth surfaces ItxT and on YqxO given in |BSj . 
By |BSj . Proposition 6.1, we have the following 3-divisible classes in N S (YpxtY- 

C:= Li- L2 + Li- + Ni- N2 + N^- Ni + N^- Nq + Nt - Ng, 
C := L[ - L'2 + L'4 - 4 + Ni-N2 + Ns-Ni-N5 + NQ-N7 + Ns, 

and also: 

£ - £' = Li - L2 + L4 - L5 - l; + L'2 -L'i + 4 + 2(A^5 -Ne + N7- iVg), 
C + C = Li-L2 + L4-L5 + L[- L'2 + L'4 - 4 + 2(iVi - N2 + N3 - N^). 

Making reduction modulo three we find the classes: 

M:=Li-L2 + Li-L5- L[ + 4 - 4 + 4 - (iVg - Nq + N7 - iVg), 
M' := L1-L2 + L4-L5 + L[ - L'2 + 4 - 4 - (iVi -N2 + N3- Ni). 
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YtxT 

Li L2 L3 L4 L5 



L' 



Ni N2 



Lrt La 



Ml 



L' 



N3 N4 



Yoxo 

Li L2 L3 L4 L5 



Ml 



L' 



M2 



L' 



L4 



A^i A^2 



N5 Ne 



N7 Ns 



Fig. 1 



M3 M4 



-R2 ^3 



In NS{Yoxo) we have the foUowing 2-divisible classes: 

£ := Li + L3 + L5 + Ml + M3 + M4 + i?i + R3, 
C := L'l + L'3 + 4 + M2 + M3 + M4 + i?i + i?3. 

Consider also the classes C + C and C — C , which after reduction modulo 2 are the same 
as: 

M := Li + L-i + + L'l + L3 + L5 + Mi + Mg. 

These classes consist of six disjoint A2-configurations of curves and of eight disjoint Ai- 
configurations of curves (in accord to T and N ) . These are the resolutions of A2 and A\ 
singularities of X\/G which arise by doing the quotient of X\/H by G/H. We construct 
the 3-cyclic coverings and the 2-cyclic coverings by using the divisors £, A1,A^'. To 
avoid to produce singularities by doing this, we first blow up the meeting points of the A2- 
configurations. Call Y^xT surface which we obtain after these blow-ups. The meeting 
points are replaced by (— l)-curves and the two (— 2)-curves become now (— 3)-curves. 
Denote by : Y^^j, — > ^txT 3-cyclic covering with branching divisor C, C or M., 
M': 



Proposition 7.1. A configuration of curves on Y^ 



TxT- 



becomes a configuration: 



OTl ^^'Y' X * 

Proof. We do the computation for one configuration of curves Li — L2, this is the same in 
the other cases. Denote again by Li and L2 the curves on Y^^rp which now are (— 3)-curves 
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/ 

Yh 
\ 

Xx/H 



and denote by E the exceptional (— l)-curve. By the properties of cyclic coverings we have 
(j)*Li = 3Li. Where Lj is the strict transform of Lj. Then: 

9{Lif = {<P*Lif = (deg0)Lf = -9. 

Hence (Li)'^ = —1. Since £^-(Li— L2) = the map (p is not ramified on E and the restriction 
(/)|^ is 3 : 1 onto E. Hence we have (l)*E = E and E"^ = {(p*E)^ = (degc/))^;^ = 3E'^ = -3. 
□ 

Our surface i^xT ^'^^ more minimal. By blowing down the (— l)-curves, the curve 
E becomes also a (— l)-curve so we blow it down too. We call the new smooth surfaces 
Tc, Tc resp. Tm, Tm'- 

On YqxO we construct directly the 2-cyclic coverings with branching divisors C and M., 
because these consist of disjoint smooth rational curves. A computation as in Proposition 
17.11 shows that on the coverings the (— 2)-curves of the branching divisors became (— 1)- 
curves, hence we can blow them down. We call the surfaces which we obtain Oc, Oc and 
Om- 

By Proposition 17.21 below and E,emark 17. II follows that the surfaces T^, T^/, Tj^ and Oc, 
Oa, Om ^i's minimal K3-surfaces and by construction are exactly the surfaces Yh which 
are obtained as the minimal resolutions of Xx/H. We have a commutative diagram as in 
Figure 2. 

In the diagram in the case of G = O x O, we have Yq = Yq and the map to Yq is the 
identity. This construction allow us to describe in another way the (— 2)-curves on Yh 
which in some cases determine the rank of the Neron-Severi group of the -ftr3-surfaces. 

Proposition 7.2. The surfaces Tc, Tjn, Oc, Om are K3, containing the following num- 
bers of independent rational (—2) curves coming from the rational curves of YtxT o,nd 
YoxO of Figure 1: 



Tc 


Tm 


Oc 


Om 


19 


17 


19 


18 



Moreover we have the following isomorphism of surfaces: 



Tc 


Tm 


Oc 


Om 


YtxV 


Y(TTy 


YoxT 


Y{oo)" 



We have these isomorphisms up to conjugate with C the group T xV , up to change {psyPs) 
with (^3,^3) in (TT)' and up to conjugate with C the group O xT. 

Proof 1. Observe that the curves Li, L2, L4, L5, Ni, N2, N^, N4, N5, Nq, Nr, Ns "disap- 
pear" on Tc, as the curves Li, L2, L4, L^, L[, L'2, L'^, L'^, N^, Nq, Nj, Ns "disappear" on 



yO 



Xx/G 



\ 

Yg 

/ 



Fig. 2 
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Tm 



T" 

• • — 



T" r" T" T" 
J^2 



L3 



La 



Lc] Ln Ln L-\ 

m-^ — — • ^ 



T' 



Ml 
M2 
M3 



N2 



N3 Ni 
• • 



N7 Ns Ml 

m • • 

Ng Nio M2 

• • • 



iV5 Ng Nn Nu M3 
• • • • • 



Fig. 3 



Tjii. Moreover since L3 ■ C = the map (j) is not ramified on L3. In the same way since 



-L3 • = L3 • = the map 4> is not ramified on L3, 



L3 and the two rational curves 



meet in three distinct points. Observe that the (— 2)-curves of Y^xT remain (— 2)-curves 
on Tc and on Tj^ and we have the configurations of (— 2)-rational curves given in Figure 
3. 

These are 19 and 17 curves. The discriminants are the following: 





d{L) d{M) 


d{N) 


d 


Tc 


-2^ •3^-5 -2^ 




2*^ • 3^ • 5 


Tm 


-5 -2^ 


36 


2^ • 3^ • 5 



Since it is not zero these classes are independent in the Neron-Severi group. 
In the same way as before the curves Li, L3, L5, Mi, M3, M4, -R3 disappear on Oc as the 
curves Li, L3, L5, L'j^, L3, L5, Mi, M2 disappear on Om- Since L2 ■ C = ■ C = R2 • C = 
and L2 ■ A4 = L4 ■ A4 = L2 • M. = L'^ ■ M = the 2-cyclic coverings are not ramified there, 
and L4,L'^ meet in two distinct points. Here the configurations of (— 2)-rational curves 
are as in Figure 4. 

These are 19 and 18 curves. The discriminants are the following: 





d{L) d{M) 


d{N) d{R) 


d 


Oc 


-2^ • 3 • 7 2^ 


3^ -2 


2*^ • 3^ • 7 


Om 


-7 2^ 


32 2^ 


-28 • 32 . 7 



These are not zero hence the previous classes are independent in the Neron-Severi group. 
Finally observe that the canonical bundles on the surfaces are trivial, hence the surfaces 
are abelian or K2>. Since in each case the rank of the Neron-Severi group is at least 17, it 
turns out that these are i^3-surfaces and by construction are isomorphic to the surfaces 
announced in the statement. □ 



Remark 7.1. 1. By taking the coverings Tc resp. Tj^i one gets "almost" the same sur- 
faces as before, more precisely one has to conjugate the normal subgroup T x V with C , 
and to interchange (psjPs) in (TT)' with (^3,^3), getting the group (TT)" (cf. Remark 

ro) . 

2. By taking the covering Oc' one gets a K3-surface which is isomorphic with YtxO- 
We do not discuss these surfaces separately. 



12 



ALESSANDRA SARTI 



Oc 



Li Lo La 



_2 



Ln 



-^2 /'S 



Lr 



r' T' 



A^i A^a iVs iV4 



i?2 

Ml 



Ma 



i?l i?2 -^3 



Om 

Ni N2 Ml 



•-^ 9-^ • ^ ^ • 



L2 L4__ ^4 L2 



M2 



M3 

M4 
« 



Fiff. 4 



7.2. The special cases. We use the same notation of |BSj . We denote by Xg^i, Xq^2, 
-^6,3) -^^6,4 the four singular surfaces in the pencil and by Xg^i, ^8,2, ^8,3) -^^8,4 the 
four singular surfaces in the pencil X|. For the convenience of the reader we recall in 
Figure 5 also the graphs of the rational curves in the resolutions of the quotient, which 
come from singular points outside the quadric. In Figure 5 we do not draw separately the 

graphs of these curves for the surfaces ^^^'r ^'^'^ ^TxT ^^sp. of Y^^^ and Y^^^ since 
these looks equal, however one has to replace the curves A'^i, N2., N^, N4 by the curves 
iV5, Ne, N-r, Ns. 

Now consider the projection vr of Section [Tj In these cases, the situation is a little more 
complicated. Now in the counterimage 7r~^(P) of some singular point P of X\/G coming 
from the ^1 -singularities of X\ we have singularities on X\/H too. In the following table 
we give the singularities in the quotient X\/G^ G = TxT 01 OxO and the type and the 
number of singularities in the counterimage on X\/H: 





6,1 


6,2 


6,3 


6,4 




8,1 


8,2 


8,3 


8,4 


TxT 


Eq 


A5 


A5 


Eq 


0x0 


Ej 


Dq 


Di 


D5 


T xV 


Z?4 


Ai 


Ai 


Di 


OxT 


Eq 


L»4 


A3 


A5 


(TT)' 




3A5 


Ai 




{00)" 


2E7 


At 


A3 


2L»5 


V xV 


3L>4 


3Ai 


3Ai 


3L>4 


TxT 


2Eq 


A3 


Ai 


2A5 



By resolving the quotients we get again a map like 7 in Section [Tj We can describe this 
map as there by using cyclic coverings. We distinguish two cases: 

1. The case of T x T. One constructs the 3-cyclic covering as in the general case by 
using the divisors C, C , M, A4' , these are in the case of the singular surfaces 3-divisible 
too. Then one blows down the (— l)-curves. The graphs of the (— 2)-rational curves on 
the special surfaces and not coming from the lines of the base locus of X^ (these are the 
same as in the Figure 3) looks as in Figure 6 (cf. also |BSj . Section 4.2). Observe that the 
graphs of the curves on T^'^^ and on T^'^\ resp. on T^''^^ and on T^'^^ are the same. 
This together with the (— 2)-curves coming from the base locus of the pencil X^ gives the 
following numbers of independent curves in the Neron-Severi group: 





6,1 


6,2 


6,3 


6,4 


M 


6,1 


6,2 


6,3 


6,4 




20 


20 


20 


20 ' 


20 


20 


18 


18 
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A^i N2 C N3 N4 



Ni N2 C 



N3 



iV4 



Ml 

^(6,1) .^(6,4)^ 
^TxT \^TxT) 



^(6,2) /^(6,3), 
^TxT y^TxTJ 



Ri R2 R3 C Ni N2 




OxO 



(8,1) 



OxO 



Ml C M2 



Ms 



(8,3) 



OxO 



iVi No C 




(8,4) 



OxO 



FiK. 5 



Observe that by taking the divisor C one obtains the same graphs, by taking the divisor 
M' one finds the following isomorphisms of graphs and, by construction, of surfaces: 



r(6,i) 

'-M' 



.(6,4) ^(6,2) 



,(6,3) ^(6,3) 



,(6,2) ^,(6,4) 



•-M' 



•-M' 



'■M ■ 



In fact one sees that by taking C or C one obtains the special iiTS-surfaces in the family 
Y\,TxV (up to conjugate the group T x V with the matrix C), by taking Ai or M' one 

obtains the special ii'3-surfaces in the covering ^A,(rT)' or ^,(Tr)"- 

2. The case of O x O. We take now the divisors C, C, M. and do 2-cyclic coverings, then 
blow down the (— l)-curves. The graphs of (— 2)-rational curves on the special surfaces 
not coming from the lines of the base locus of the pencil (these looks like in Figure 4) 
are as in Figure 7. 
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Ml C M3 
• 9 • 



M2 



1) (^M)^ 



Ml C M3 
• • • 



M2 



iV2 Ml C 



• • • • • 

iVg Nq Nj Ns L 
• • • • 



M3 



M2 



iVg A^io iVii 
• • • — 



N12 



r(6,4) 



Ni N2 N3 N4 



Ni N2 Ci N3 N4 



m — 


• 


• 


• 


• — 


• 


• — 


• — 


• 


• — 


Ne 
• 


N7 
• 


• 


• — 


• — 


C2 
• — 


Nj 
• — 


• 


Ng 
• — 


• 


A^ii 
• 


N12 
• 


• 


• — 


• — 


iVii 
• — 


iVl2 

• 




Ml C 
• • 


M3 
• 






• 


• 


• 






• 








Ml 


M2 


M3 





M2 



r(6.3) 



(6,2) 



M 



Ni N2 Ci N3 N4 
• • J • • 

Ml 

A^5 Ne C2 Nj Ns 
• • J • • 

M2 

A^9 A^io A^ii iVi2 
• • J • • 

Ms 

T^(6,l) 



Fig. 6 



These together with the (— 2)-curves coming from the base locus of the pencil X| give the 
following numbers of independent curves in the Neron-Severi group: 



c 


8,1 


8,2 


8,3 


8,4 


M 


8,1 


8,2 


8,3 


8,4 




20 


20 


20 


20 ' 


20 


19 


19 


20 



Similarly to the general case, by taking C or C' we find the singular surfaces in the family 
^A,OxT (up to conjugate O xT with the matrix C) and by taking A4 we find the singular 
surfaces in the family ^a,(oo)"- 

In both the cases 1 and 2 the discriminants of the lattices spanned by the previous curves 
are those given in Sectional 

8. PiCARD-LATTICES 

We compute the Picard-lattices of the general K3-surface in the families Tc, Oc and of 
the special surfaces with p = 20 in each pencil. First we recall some facts. Denote by W 
the lattice spanned by the curves of Proposition 17.21 If W is not the total Picard-lattice, 
which we call NS there is an integral lattice W s.t. W C W C NS with p := [W : W] 
a prime number. Denote by d{W), d{W') the discriminant of the lattices W,W'. Since 
[W' : Wf = d{W) ■ d{W')-^ [ci. BPV Lemma 2.1, p. 12) we find that p"^ divides the dis- 
criminant of W. Denote by {W^ '/Wy the p-subgroup of [w^ /W)(lNS^ /NS and denote 
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Ni N2 C N3 Ni Ri R2 R3 Ci Ni N2 M3 Ml C M2 

• • • • • • • •— — • • • • • • • 

i • Ml i 

^ R2 R2 

Ml M2 R', Ro R'^ C2 N3 M4 N1N2 

•-^ — — m-^ — • • • • 

Of'^ ^M2 • • 

R'o R'. Ml C M2 R2 -^1 ^2 R3 Ni N2 

m • • • • • • • • • 

A^i N2 N3 N4 R\ RL R' N3 N4 

m • • • • • • • • 

Ml C M2 M3 Mi 

m • • • • 



Ri 


R2 


^3 


C 


m — 


• — 


• — 


• — 




N2 


Ml 


M2 


• — 


• 


• 


• 


N3 
m — 


• 


M3 
• 


M4 
• 



A^i N2 C N3 Ri R2 R3 Ni N2 Ci Mi 

• • • • • 



• • • • • J • 



Ml M2 R2 M2 
• • • 



0(8,4) 



R\ R'n R', N3 Ni C2 M3 
• • • • • — J • 



O 



(8,4) M4 
M 



Fig. 7 

by T the transcendental lattice orthogonal to the Picard-lattice. Since the discriminant 
groups T"^ /T and NS'^ /NS are isomorphic (cf. e.g. |BPVj p. 13 Lemma 2.5), they have 
the same rank which is < rk(T). It follows that also i'k(W'^ /Wy < rk(T). 



8.1. The general case. 
Proposition 8.1. 1. The class: 

L' := Li — L2 + L4 — L5 + L'i — L2 + L4 — L5 + L'I — L'2 + L'I — L'I 

is 3-divisible in NS{Tc) and the classes: 

hi := L1 + L3 + L5 + L[ + L'3 + L'5 + Ml + M2, 
h2 := L1+L3 + L5+ L'I + 4' + 4' + Ml + M3 



are 2-divisible in NS{Tc). These together with the 19 curves of Proposition [7!^ span a 
19- dimensional lattice with discriminant 2 • 3 • 5. 
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2. The class: 

D := L1 + L3+L5 + L\ + L3 + 4 + M1 + M2 
is 2-divisihle in NS{Oc) and the class: 

ki := Li- L2 + L4- L5- L\ + L2 - L'4 + L5 + iVi - iV2 + A^3 - 

is 3-divisible. These together with the 19 curves of Proposition [7!^ span a 19- dimensional 
lattice with discriminant 2^ • 3 • 7. 

Proof. 1. The discriminant of the lattice generated by the 19 curves is 2^ • 3^ • 5 hence 
we can have 2-divisible classes or 3-divisible classes. The divisor D is 3-divisible since it 
is the pull back of the divisor C' on ItxT which is 3-divisible too. And we cannot have 
more 3-divisible classes. If there are no 2-divisible classes then the group {W^^ /W)^ would 
contain the classes Mi/2, M2/2, M3/2, (Li + L3 + L5 + L'^ + L3 + L'^)/2, (Li + L3 + L5 + 
L'{ + L'3' + Ll)/2, {L[ + L'3 + L'5 + L'l + L'3' + L'^)/2 which are independent classes with 
respect the intersection form. Since the rank of {W"^ /W)'^ is less or equal as the rank of 
T"^ /T which is at most three, it can not happen that we find five classes as before. Hence 
some combination of them must be contained in the Neron-Severi group. So we have 

^(A(Li + L3 + L5) + \'{L\ + 4 + 4) + \"{L'[ + 4 + 4) + ^lAfi + ^2^2 + /i3M3) G NS 

for some parameters A, A', A", /Ui, /i2, /^3 G ^2- 

By Nikulin |^ such a 2-divisible set contains 8 curves. So putting A" = and /i3 = we 
get the divisor hi, putting A' = and /i2 = we get the divisor /12. The discriminant of 
the lattice W together with these three classes now change into 2 • 3 • 5, hence we cannot 
have more torsion classes. 

2. Again the class U is the pull back of the class A4' on IbxO hence it is 2-divisible. If there 
are no 3-divisible classes then the group {W'^ /W)'^ would contain the classes A'^i — N2/3, 
— N4/3 and (Li — L2 + -^4 — -^^5 + 4 — 4 + ^'4 — 4)/^ which are independent. We have 
these three independent classes also on the special surfaces O^*'^'* and on 0^^'^\ Hence 
we would have also there rk(T4^^/VF)^ > 3. This is not possible in fact on these surfaces 
we have icli{W)=20 which implies rk(M^^/14/')'^ < 2. This means that the three classes fit 

(S 2") (S S) 

together giving a 3-divisible class in NS(0£' ) and NS(0£' ). Now with the help of a 
blow-up it is possible to resolve the singularities of the total space P3/O x T of the family in 
correspondence of the singular fibers O^^'^^ and O^^'^^ , obtaining a smooth threefold there, 
and where the two singular surfaces are replaced by surfaces with only ^j-singularities. 
Then by using a result of Briskorn, cf. |Brj . one can replace these two fibers by smooth 
fibers, the total space remains smooth. Hence we see that the previous class which we 
have on the special fibers also exists in the Neron-Severi group of the generic fiber Oc- 

□ 

Remark 8.1. In the proof of Provosition 2, we need a special resolution of the total 
space which induces a resolution of two special fibers. To do this we make a simultaneous 
blow-up of the threefold singularities and of the surface singularities. In fact we are able to 
do this in the case that the singularities of the surface is an Ai or aDn, n even, singularity. 
We do not know how to find such blow up if the fibers have Dn, n odd, singularities, and Eq, 
Ej or Eg singularities. One method to find the necessaries resolutions also in these cases is 
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to use the famous McKay- correspondence, between group representations and resolutions 
of singularities (cf. |INj ). This way works and it is the result of a forthcoming paper |LSj 
of M. Lehn and the author. 

8.2. The special cases. 

Proposition 8.2. 1. The Picard-lattice of the special surfaces in Tc and Oc is generated 
in all the cases but O^^'^^ by the curves of Proposition [7^ and by the 2-divisible classes of 
Proposition \H. 1\. In the case of 0^(8.4) the class: 

L1+LS + L5+N1+C + N4 + R2 + M1 

is 2-divisible too. 

2. In the case ofT^^^ and ofT^^^ the class: 

l~Ni-N2 + N3-N4 + N5-Nfi + N7-Ns + Ng- Nio + Nu - Nu 
is 3-divisible. Moreover in the case ofT^"^^ the classes: 

N1 + C1+N4 + N5 + C2 + NS + Ml + M2, 

Ni+Ci+N4 + Ng + C3 + N12 + Ml + M3 



are 2-divisible. These together with the 20 curves of Section \ 7. 2\ span a 20- dimensional 
lattice. 

3. In the case of O^^^ and 0^^\ the class: 

L:= M1 + M2 + M3 + M4 + R1 + R3 + R'l + ii'a 
is 2-divisible and in the case of oj^'^'' the class: 

W ■.= Ri + 2R2 + 3R3 + R[ + 2R2 + 3R's + 2Ni + 2Ci + 3Mi + M2 + 2iV3 + 2C2 + SMg + M4 
is 4-divisible. 

This together with the 20 curves of Section \ 7. 2\ spans a 20- dimensional lattice. 
The ranks and the discriminants of the Picard-lattices are: 





Tc 


Tm 




6,1 


6,2 


6,3 


6,4 


6,1 


6,2 


rank 


20 


20 


20 


20 


20 


20 


discriminant 


-3 • 5 


-2^ • 3 • 5 

C 


-2^ • 3 • 5 


-3 • 5 




-3 • 5 


-2^ • 3 • 5 

Om 




8,1 


8,2 


8,3 


8,4 


8,1 


8,4 


rank 


20 


20 


20 


20 


20 


20 


discriminant 


-2^ • 7 


-2^ • 3 • 7 


-2^ • 3 • 7 


-2^ • 7 


-2^ • 7 


-24-7 



Proof, (cf. also |BSj Theorem 6.2) 1. In all the special cases of the pencils Tc and Oc we 
do not have enough rational (— 2)-curves satisfying the conditions of |E] and [T] to obtain 
more 2-divisible or 3-divisible classes. 

2. The class L comes from the 3-divisible class C on ItxT hence it is 3-divisible too. One 
proves as in Proposition 18. II that in the case of Pj^"^^ we have two more divisible classes. 

3. The class L comes from the class C on YqxO, hence it is 2-divisible on oj^'^'* and O^'^^- 
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Of, 




L3 Ml Ml Ml Ni N2 N3 Ni Li L3 L'3 L; Ml 



L'3 Mf M| M| 



L'3' Mf M| M| 



M2 



A^5 iVe Ns L2 U ^4 ^2 



Fig. 8 

Consider the classes: 

VI := i?i + 2i?2 + 3i?3, 

V2 := R[ + 2R'^ + 3R'^, 

v-i := 2Ni + 2Ci + 3Mi + M2, 

V4 := 2N-i + 2C2 + 3M3 + M4 

on O^'^"*. Since the rank of NS is 20 the classes Vi/4, i = 1,2,3,4 cannot be independent 
in NS"^ /NS, hence we must find coefficients Oi G Z4 with: 

W := l/4(Qifi + 02^2 + ct^v^ + 041)4) G A'"5. 

Observe that then 21^ G A^S too and so the class: 

l/2(ai(i?i + R3) + a2{R'2 + R's) + a^iMi + M2) + a4(M3 + M4)) 

must be in NS too. By [N] this must contains eight or 16 curves, hence = 1 [mod 2Z) 
and after perhaps interchanging Vi with — Wj, we may assume ai = 1 {mod 4Z). In this 
way we find the class of the statement. Finally by the same argumentation of 1 and 2 we 
cannot have more 3-divisible classes or 2-divisible classes. □ 



9. More cyclic coverincs 

9.1. The general case. As in Section[7|we can construct the 3-cyclic covering of T^, Ta^ 
by using the 3-divisible classes L' and L and the 2-cyclic coverings of Oc, Om by using 
the 2-divisible divisors L', L . As before we consider first the non-special surfaces. Call 
the coverings T^/, T^, resp. O^/, O^. Then: 

Proposition 9.1. The surfaces Tj^, and Ti are isomorphic and the surfaces O^, and Oi 
too. These are K3- surfaces which contains 15 rational curves coming from the 19 curves 
ofTc, and 18 rational curves coming from the 19 curves of Oc, moreover are isomorphic 
with YvxV o.i^d with YtxT- 

Proof. The irreducible curves contained on the divisor L' disappear on Tp and the same 
happens on the surface O^, . On these surfaces we have the configuration of 15, resp. 18 
(— 2)-rational curves given in Figure 8. 

Similarly to Proposition 17.21 we write down the discriminants: 





d{L) 


d{M) 


d{N) 


d 




-24-5 


-2^ 




2^^ -5 


Ol' 


-32.7 


22 


34 


-22 .3*^-7 
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Ml Ci Ml Ml Ci Ml 



• T • 

i Mf 

Ml C2 M| 



M| 



Ml C3 m 
i Ml 



Ml 



Ml 



Mf 



C2 M| 
C3 Mi 



Ml 



Ni N2 Ci N3 A^4 
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The surfaces are K3 and are isomorphic with YyxV a-nd with ItxT- Namely observe that 
V xV is a subgroup of index 3 of the groups T xV and of (TT)' , hence we have a diagram 
as those given in Figure 2. Similarly T x T is an index 2 subgroup of O x T and of {OO)" 
so as before we have the diagram of Figure 2. □ 



9.2. The special cases. We construct 3-cyclic coverings of the special Tc and Tj^^ by 
using the 3-divisible classes L' and L and the 2-cyclic covering of the special Oc and Om by 
using the 2-divisible classes L', L (in the same way as in Sectional). Other than the curves 
coming from the base locus of and we have the configurations of rational curves 
given in Figure 9. Observe that as in the general case the surfaces T^/ are isomorphic to 
the surfaces and the surfaces Oj^i are isomorphic to the Oj^. 

The surfaces which we obtain are exactly the special K3-surfaces in the families Yxy^v 
and 1a,TxT- The number of independent rational curves in the Neron-Severi group is: 
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This gives a lower bound for the Picard-number, the discriminants of the lattices generated 
by these curves are given in Section [51 
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9.3. The Picard-Lattices. In this Section we identify the Picard-lattices of the surfaces 
O^^,'^^ and O^^,''^^ which have p = 20. The proof of the fohowing Proposition is left to the 
reader since it is very similar to the proof of Propositions 18. ll and 18.21 

Proposition 9.2. The classes: 

k[ = L2-Li + L3 - L'l + Ni- N2 + N^- Ni + N^- Nq + Nt - Ng, 
k'i = L'2 - + L3 - Ll + iVi - TVs - 7V3 + iV4 + iVs - iVe - + 

are 3-divisible in N S {O^-^,'^^ ) , NS{0^-^,''^^). Moreover in the case of o'^^,^^ the class: 
K = iVi + Ci + A^4 + + C2 + iVg + Afi + M2 

is 2-divisihle. These classes together with the {—2)-curves of Section \9.}^ svan lattices of 
the following ranks and discriminants: 
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Remark 9.1. Observe that the surfaces Yxy^y and Y\^txT ire for each A € Pi the fiber 
products 

Yx^TxV X Y\,{TTy over Y^j,^j, 
Yx,oxT X ^A,{00)" o^er 1a,OxO, 
(to avoid confusion we denote here by Y^^j, the minimal resolution of Xf/T x T). 

10. Final remarks 

1. In the Sections 8 and 9 we identify explicitly the Picard-lattice of some K3-surfaces. It 
is our next aim to compute the transcendental lattices orthogonal to the Picard-lattices to 
classify the K3-surfaces. In particular by a result of Shioda and Inose, cf. K3-surfaces 
with p = 20 are classified by means of their transcendental lattice. 

2. By a result of Morrison, cf. |Moj . each K3-surface with /o = 19 or 20 admits a so called 
Shioda-Inose structure. This means that there is a Nikulin-involution, an involution with 
eight isolated fix-points and the quotient is birational to a Kummer-surface. It would be 
desirable to have an explicit description of this structure for our surfaces. 

3. The quotients 3-folds P3/G, G = TxT,OxO,IxI or a subgroup described in Section 
121 seem to be Fano. We did not describe these spaces here. It would be interesting to have 
a global resolution of these spaces and to see our iC3-surfaces as pencils on the smooth 
3-folds. A first result which is helpful in finding such resolutions is contained in |LSj . 
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